Introduction
Let F q be a finite field of size q. Denote by k the rational function field F q (T ), and set O k = F q [T ] . A finite field extension K /k is called a function field over k if F q is algebraically closed in K , in other words if K \ k contains no element that satisfies a monic polynomial over F q . Given such a function field K /k, denote by O K the integral closure of O k in K . It is a Dedekind domain; its ideal class group is a finite Abelian group whose size, denote by h(O K ), is called the class number of O K . If there is no confusion about the field extension K /k with respect to which we take the integral closure O K , we will call h(O K ) the class number of K . The extension K /k corresponds to a geometrically irreducible curve X K /F q plus a finite geometric cover X K →P we see that as q→∞, there should 2 be function fields K /k with [K : k] = d, genus( X K ) = g such that gcd(m, h(O K )) = 1. However, if we fix q, it is not immediately clear from this heuristic that we can find K /k with gcd(m, h(O K )) = 1 and [K : k] bounded and for which X K has unbounded genus. 3 For any integers m, n > 1, Pacelli et al. [8] prove that there exists a set of primes p with positive density such that, for any r > 0, there are infinitely many function fields K /F p r (T ) with [K : F p r (T )] = n and with gcd(m, h(O K )) = 1. However, this set of primes has density < 1 and depends on m and n. In this paper we adopt a classical argument from number fields to prove a uniform indivisibility result for quadratic function fields. Given a non-square, non-constant polynomial D ∈ O k , we say that the quadratic function field k( 
Remark 1.
Since there are a bounded number of monic polynomials in O k of a given degree, and since the polynomials in the theorem are square-free, the genus of the quadratic function fields furnished by the theorem is unbounded as M goes to infinity.
Remark 2.
For number fields of a fixed degree d and Galois group G and for any prime not dividing #G, the Cohen-Lenstra heuristic [4] [5] [6] furnishes a conjectural density for the number of the such fields with a prescribed Sylow -subgroup. For quadratic function fields this has been settled with respect to a given Sylow -subgroup by the recent works of Achter [1] (for fixed genus and large q) and of Ellenberg et al. [11] (for fixed q and large genus). Compare to these results, our theorem is weaker in that the number of fields we produce is much smaller, but it is stronger in that our lower bound is uniform in q and .
Quadratic forms over F q [T ]
Gauss developed the arithmetic theory of positive definite binary quadratic forms over Z, and it is a classical fact that the equivalence classes of such forms of a given discriminant D < 0 are in bijective correspondence with the ideal classes of the order Z[
Byers [2] extended Gauss' work and several related results to binary quadratic forms over F q [T ] for odd q. In this section we recall these results, which are the key tools to the proof of our theorem. To simplify the notation, for any
For the rest of the paper we will take q to be a power of an odd prime. 
A binary quadratic form over
, the ring of integers of k( √ )/k. Denote by I( , f ) the group generated by the fractional ideals of O prime to f , and by P ( , f ) the subgroup of I( , f ) generated by those principal fractional ideals prime to f .
Proposition 2. Denote by the discriminant of a definite quadratic form over
O k . (a) The quotient group I( , f )/P ( , f ) is a
finite Abelian group. Its size, denoted by h order ( ), is equal to
where the product is taken over all non-constant, monic irreducible divisors π ∈ O k of f , and ( π ) is the Legendre symbol. 
is the discriminant of a definite form), the only difference being that, unlike the number field case, we cannot choose a canonical square-root of √ by 'picking out the one in the upper half complex plane', thereby resulting in the extra factor of 1/2 above.
(b) The standard argument for computing the size of ring class groups of complex quadratic number fields [7, p. 146 
In the course of his investigation on elliptic functions, Kronecker discovered several remarkable formulae expressing certain sums of class number of imaginary quadratic orders in terms of divisor functions; cf. [9, p. 105] for a historical survey. Subsequently he gave a purely arithmetic proof of these formulae using the theory of quadratic forms [13] . Byers [2] generalized these results to quadratic forms over O k ; for simplicity we will state Byers' results only in the case we need to prove our theorem. 
Explicit analytic estimates
In this section we give several basic analytic estimates in connection with the arithmetic of O k .
These are all well known and elementary; our (small) contribution lies in making explicit (but not optimal) the error terms. Recall that q 3. 
For n 6, the sum on the right side is
2n since q 3 and n 6.
Thus for n 6, the right side of (2) is
n . If n = 3 or n = 5 then the sum on the right side of (2) is q/n, and the sum is zero if n = 4 or n 2, and the lemma follows. 
Proof. Modulo the explicit constants this is well known; we will indicate the changes needed to be made to make the constants effective and refer to read to [14, p. 40ff] for details.
For the identity character χ 0 we have [14, p. 41]
take logarithmic derivative and we see that Proof. The double sum is empty if N = 1, and for N 2, each inner sum has absolute value # A d .
Apply Lemma 1 and we see that the double sum has absolute value
Every degree 1 polynomial is irreducible, so # A 1 = q (this is the only case where the trivial estimate
d is sharper than Lemma 1). In particular, the double sum has absolute valueN/2 if N is prime. In the case N = 3 we will use the sharper bound q for the lemma.
For N = 6, use # A 1 = q and use Lemma 1 to bound A 2 and A 3 , we see that (7) 
Apply Lemma 1 to (7) and we get that the double sum has absolute value at most
by ( We now resume the proof of Proposition 4. Combine (6) and Lemma 2 and we see that for χ = χ 0 ,
we have
By orthogonality of characters, we get
Note that the third term in (10) cancels the first term there except for the contribution coming from χ = χ 0 , so this becomes
By Lemma 1, the first term in (11) has absolute value 
Divide both sides by N and we get the N 1 estimate in the proposition. For N = 3, upon using the stronger estimate in (2) to bound the second term in (11), we can replace the third term on the right side of (12) by q, and we are done. 
by the previous sentence, we have deg D 1 = 1. By the Chinese remainder theorem, we can an element a n ∈ O k which is a quadratic non-residue modulo every monic, O k -irreducible factor of every D i ; in particular, a n is coprime to every D i . Let N n+1 be the unique odd integer determined by the conditions
Thanks to Corollary 1, we can find an irreducible n+1 ∈ S N n+1 (a n , prove an even characteristic version of our theorem using the method in this paper.
